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ABSTRACT
We present a mechanism to construct four-dimensional charged massless Ramond states
using the discrete states of a fivebrane Liouville internal conformal field theory. This
conformal field theory has background charge, and admits an inner product which al-
lows positive norm states. A connection among supergravity soliton solutions, Liouville
conformal field theory, non-critical string theory and their gauge symmetry properties is
given. A generalized construction of the SU(2) super Kac-Moody algebra mixing with
the N = 1 super Virasoro algebra is analyzed. How these Ramond states evade the DKV
no-go theorem is explained.
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1. Introduction
The descriptions of string theory given by 1) solutions of low-energy classical target
space supergravity theories, including non-perturbative BPS solitons, 2) worldsheet sigma
model actions, and 3) conformal field theories of vertex operators have mutually reinforced
our understanding of the spectrum and interactions of the system. In particular, duality
relations among strong and weak coupling limits of various string models, and the presence
of BPS non-perturbative states, some of which are massless, have signalled the importance
of non-perturbative effects in our current formulation of string theory.
In this paper we analyze aspects of gauge symmetry in string theory using confor-
mal field theories which already incorporate non-perturbative information, i.e. conformal
field theories involving a coordinate field with background charge, such as the Liouville
superfield. As a definite example, we consider the magnetically charged fivebrane soliton
solution of the Type II string and its corresponding conformal field theory with background
charge[1−5]. We demonstrate how the role of gauge symmetry differs in these theories from
the action of gauge symmetry in critical string theory.
In particular, we show how the discrete states of the Liouville theory can be used to
construct four-dimensional massless Ramond states which carry non-trivial charge under
the non-abelian gauge symmetry of an SU(2) super Kac-Moody algebra present on this
Ramond side. We explain how this construction evades the arguments of the DKV no-go
theorem.
Conventional superstring spectra given by conformal field theories can be changed by
allowing non-vanishing vacuum expectation values (vevs) for any field in the low-energy
supergravity, rather than only for the metric tensor. The vevs are given by classical
solutions, either elementary or solitonic, of the supergravity field equations.
Soliton solutions are non-perturbative, and exist in both gauge theories and string
theory. In particular, in Type II string models, they lead to states which enhance the
original spectrum. This is interesting in that Type II was viewed as an economical model,
but one which appeared to fall just short of phenomenological viability. Now with the
inclusion of solitons, these theories are seen to have as many states as the heterotic string,
by the mere choice of an appropriate internal space to compactify to four dimensions[6,7].
In this paper, we investigate an origin of spectrum enhancement present already in a
conformal field theory (CFT) description.
The bosonic supergravity fields, apart from the metric, are described by d-form po-
tentials, which fall into two categories: they are either NS-NS or RR, the latter occurring
only in Type II superstrings. These two types are distinguished by the d-forms represent-
ing massless states having their origin in the Neveu-Schwarz/Neveu-Schwarz (NS) or the
Ramond/Ramond (R) sector of the string theory.
Since RR-branes couple to RR field potentials, the RR-branes carry charge of the RR
bosons. They have been dubbed Dirichlet p-branes, as they can be shown to correspond
to states in the conformal field theory of type I string theory with Dirichlet boundary
conditions[8,9], where the open string ends live on D-branes.
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The fivebrane soliton we study is an NS-NS brane, and it describes a structure which
carries charge under the NS-NS gauge bosons of the Type II superstring. In a limit
corresponding to the semi-wormhole throat, the corresponding sigma model is known to
be a superconformal field theory. Here we analyze its primary field content and the nature
of its gauge symmetry currents. In sect.2, we briefly review the global N = 4 conformal
field theory description of the fivebrane soliton and discuss the primary fields of the N = 1
subalgebra, which is local. In sect.3, the degrees of freedom of a d = 4 string model,
whose internal degrees of freedom can form global extended worldsheet symmetries, are
given. The ghost system has conformal charge c = −15 on each side. In sect.4, the highest
weight states and corresponding vertex operators of the N = 4 superconformal algebra
for both massive and massless (short) representations are computed. In sect.5, we give
the fivebrane conformal field theory representation of the superconformal current algebra,
which describes gauge symmetry in string theory. The non-zero charge of massless fermion
representations is calculated. Eq.’s (5.9)-(5.17) contain the precise statement explaining
how these states can exist. Conclusions and comments are found in sect.6. The appendix
contains the operator product algebra of the N = 4 superconformal theory.
2. Conformal field theory with background charge
The solitonic fivebrane solution[1−3] in sigma model coordinates corresponding to the
semi-wormhole throat has a metric given by
ds2 = ηMNdx
MdxN + (
k6
y2
eC0)δmndy
mdyn (2.1)
where 0 ≤ M,N ≤ 5, and 6 ≤ m,n ≤ 9. The first term corresponds to a c = 9 CFT, and
the second term represents a c = 6 CFT, where k6 and C0 are certain constants which
contain a parameter k, the axion charge. We note that the (M,N) space-time part of the
metric is flat, so that the c = 9 part is a free conformal field theory[1−3].
The c = 6 part is a nontrivial conformal field theory, and we call it the c = 6 “five-
brane” conformal field theory[4,5]. This conformal model is given by the following: It
contains four affine Kac-Moody currents JA of dimension one satisfying an U(1)× SU(2)
KMA (of level k) together with a set of four dimension-12 fields ψ
A satisfying the free
fermion algebra:
J0(z)J0(ζ) = −(z − ζ)−2 + . . .
J0(z)J i(ζ) = O(z − ζ)0
J i(z)Jj(ζ) = −k
2
(z − ζ)−2 + ǫijkJk(ζ)(z − ζ)−1 + . . .
ψA(z)ψB(ζ) = −(z − ζ)−1δAB + . . .
ψA(z)JB(ζ) = O(z − ζ)0 . (2.2)
The energy-momentum tensor from the Sugawara construction is:
L˜(z) = −1
2
J0J0 − 1
k + 2
J iJ i − 1
2
∂ψAψA + δ
1
4z2
(2.3a)
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where δ = 0, 1 in the NS or R sector respectively; and A = (0, i). The supercurrent is
F˜ (z) = ψ0J0 +
√
2√
k + 2
ψiJ i +
√
2
6
√
k + 2
ǫijkψ
iψjψk . (2.3b)
The superconformal system (2.3) has c˜ = 6(k+1)
(k+2)
. In order to achieve the c = 6 system
corresponding to the fivebrane, a shifted CFT is defined from (2.3):
L¯(z) = L˜(z) + 1
2
Q∂J0(z)
F¯ (z) = F˜ (z) −Q∂ψ0(z) . (2.4)
The superconformal system (2.3) has c = c˜ + 3Q2. We choose the background charge
Q2 = 2
k+2
, so that c = 6. Since we choose a real value for Q, this corresponds to the strong
coupling region of Liouville theory[10,11].
We can now construct the standard N = 4 superconformal global algebra with gener-
ators L¯, F¯A, S¯i where S¯i generate a global affine SU(2) level n algebra, and c = 6n. The
semi-wormhole representation for this algebra has c = 6, i.e. n = 1 and is given by
L¯(z) = −1
2
J0J0 − 1
k + 2
J iJ i − 1
2
∂ψAψA + δ
1
4z2
+
1
2
Q∂J0
F¯ (z) = ψ0J0 +
√
2√
k + 2
ψiJ i +
√
2
6
√
k + 2
ǫijkψ
iψjψk −Q∂ψ0
F¯ i(z) = ψiJ0 +
√
2√
k + 2
[−ψ0J i + ǫijkJjψk − 1
2
ǫijkψ
0ψjψk]−Q∂ψi
S¯i(z) = 1
2
(ψ0ψi +
1
2
ǫijℓψ
jψℓ) (2.5)
for δ = 0, 1 for NS or R sector respectively. We set Q = −
√
2√
k+2
and the currents in (2.5)
close on the N = 4 superconformal algebra given in appendix A. For L¯(z) hermitian, i.e.
L¯†n = L¯−n, then J
0†
n = −J0n for n 6= 0, J0†0 = −Q − J00 , ψA†n = −ψA−n, and J i†n = −J i−n.
Therefore the states J0−n|ψ〉 for n > 0 have positive norm:
||J0−n|ψ〉||2 = 〈ψ|(−J0n)J0−n|ψ〉 = n〈ψ|ψ〉 = n|||ψ〉||2 > 0
for |||ψ〉||2 > 0. A similar argument holds for ψA−n|ψ〉 and J i−n|ψ〉. It follows from the
above hermiticity conditions on JAn , ψ
A
n that F¯
†
n = F¯−n, F¯
i†
n = F¯
i
−n, and S¯i†n = −S¯i−n.
In the string models we consider, with the conformal field theory in (2.2) as a building
block, we will use an N = 1 superconformal ghost system, so the N = 4 algebra serves
as a global worldsheet algebra, which has highest weight representations[12]. Its N = 1
subalgebra L¯, F¯ will be used as the matter (i.e. non-ghost) contribution to the BRST
charge operator. We note that although S¯i(z) in (2.5) is a primary conformal field, it
is not the upper component of a primary superfield under the N = 1 subalgebra. In
4
order to study vertex operators, we consider the primary weight one-half superfield whose
components are
V iL(z) = ψ
i ; V iU (z) = Q(
1
2
ǫijkψ
jψk + J i) ≡ T i , (2.6)
where
F¯ (z)ψi(ζ) = (z − ζ)−1T i(ζ)
F¯ (z)T i(ζ) = (z − ζ)−2ψi(ζ) + (z − ζ)−1∂ψi(ζ) . (2.7)
We define T i ≡ V iU and (2.8) forms a representation of a super Kac-Moody algebra
T i(z)T j(ζ) = − δij
(z − ζ)2 +
QǫijkT
k(ζ)
(z − ζ) (2.8a)
T i(z)ψj(ζ) =
Qǫijkψ
k(ζ)
(z − ζ) (2.8b)
ψi(z)ψj(ζ) = − δij
(z − ζ) . (2.8c)
The level of the KMA T i is k + 2. If we bosonize the J0 current by J0(z) = −∂φ(z),
where φ(z)φ(ζ) = −ln(z − ζ) + . . . for |z| > |ζ|, then the conformal field : eβφ(z) : with
: eβφ(0) : |0〉 = |β〉 is primary with respect to L¯(z) with conformal weight hQ = −12β(β+Q).
The operator product
J0(z) : eβφ(ζ) := β : eβφ(ζ) : (z − ζ)−1 + . . . (2.9)
implies J00 |β〉 = β|β〉. The anomalous product
L¯(z)J0(ζ) = Q(z − ζ)−3 + J0(ζ)(z − ζ)−2 + ∂J0(ζ)(z − ζ)−1 + . . . (2.10)
implies [Ln, Jm] = −mJn+m + Q2 n(n + 1)δn,−m. For a CFT with background charge,
considering the moments of the current J0(z) and requiring L¯†n = L¯−n, we derive
J
0†
0 = −[L¯−1, J01 ]† = −[L¯1, J0−1] = −J00 −Q . (2.11)
The allowed values for β such that hQ is real are given below (4.11). The case we consider
in this paper is real Q and real hQ.
We now discuss in detail an inner product for the Liouville states with real β, i.e.
the discrete states, by describing an inner product for the vector space of states whose
elements, i.e. vectors, are linear combinations of the states |β〉, including the unique
element 0 defined by |β〉 − |β〉 = 0. We note |0〉 is different from 0. The choice of an
inner product in a vector space is by no means uniquely determined by the vector space.
The choice of an inner product is a free choice, which leads us to consider the question of
exactly what is chosen, i.e. what is an inner product.[13]
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An inner product on a real vector space is a real-valued function which assigns to any
ordered pair of vectors such as |β〉, |β′〉 a real number, denoted by (|β′〉, |β〉) and satisfying
i) (|β′〉, |β〉) = (|β〉, |β′〉), i.e. the inner product is symmetric, ii) (|β′〉, a|β〉) = a(|β′〉, |β〉),
for any scalar a, iii) (|β′〉, [|β1〉+ |β2〉]) = (|β′〉, |β1〉)+(|β′〉, |β2〉), iv)(|β〉, |β〉) > 0, and v)
(0, 0) = 0, (0, |β〉) = (|β〉, 0), (0, a|β〉) = a(0, |β〉), for any scalar a, and (0, [|β1〉+ |β2〉]) =
(0, |β1〉) + (0, |β2〉).
We now choose a particular inner product for the Liouville states |β〉. We define the
inner product (|β′〉, |β〉) such that
(|β′〉, J00 |β〉) = (J0†0 |β′〉, |β〉) (2.12)
where the lefthand side of (2.12) is
(|β′〉, J00 |β〉) = β(|β′〉, |β〉) . (2.13)
The righthand side of (2.12) is
(J0†0 |β′〉, |β〉) = (β′|β′〉, |β〉) . (2.14)
The choice of inner product is defined by (2.14). It is equivalent to defining the adjoint of
the state |β〉 to be 〈−β −Q| in the sense that
J00 |β〉 = β|β〉 (2.15a)
[J00 |β〉]† = β〈−β −Q| .
(2.15b)
So that in (2.12) the righthand side (J0†0 |β′〉, |β〉) means ([ 〈−β′ − Q|J00 ]† , |β〉 ). Here
(2.15b) for β = β′, which is 〈−β′−Q|J0†0 = β′〈−β′−Q|, is the definition used in deriving
(2.14), i.e. our choice for inner product is
(|β′〉, |β〉) ≡ 〈−β′ −Q|β〉 . (2.16)
This choice satisfies the conditions i)–v) listed above. From (2.12)-(2.14), we see that
(|β′〉, |β〉) is non-vanishing only for β = β′, and we normalize (|β〉, |β〉) = 1 . In the bra,
ket notation above, this is
〈−β −Q|β〉 = 1 (2.17)
We also have
〈0|e−Qφ(z)|0〉 = 1 . (2.18)
With the inner product defined by (2.14), the discrete Liouville states have positive norm:
|||β〉||2 ≡ (|β〉, |β〉) = 1 . (2.19)
In sect. 5, we consider the holomorphic N = 1 SU(2) super Kac-Moody algebra mixing
with this CFT and show how these discrete states allow for massless Ramond states (4d
6
spacetime fermions) which carry non zero SU(2) charge on a given side of a closed string
theory.
3. The string model
We consider compactification of the Type II superstring with four-dimensional Lorentz
invariance. There is a c = 9, N = 1 internal (local) superconformal algebra (SCA) as-
sociated with any such compactification. For theories with d = 4, N = 2 spacetime
supersymmetry, the spacetime supersymmetry implies that this internal SCA splits into a
c = 6 piece with N = 4 superconformal (global) symmetry and a c = 3 piece with N = 2
superconformal (global) symmetry.[14,15] Here we use local to mean the BRST ghost system
also satifies this algebra.
We consider the M (4) ⊗ T (2) ⊗W (4)k model, where W (4)k is the c = 6 fivebrane CFT
given in (2.4), and M (4) ⊗ T (2) is the flat four-dimensional non-compact flat Minkowski
spacetime times a two-dimensional compact flat torus, given in terms of six free superfields
M = (0 ≤ µ ≤ 3; 4 ≤ m ≤ 5),
aM (z)aN (ζ) = ηMN (z − ζ)−2 + . . .
ψM (z)ψN (ζ) = ηMN (z − ζ)−1 + . . .
ψM (z)aN (ζ) = 0 (3.1)
where one of the free superfields is chosen to be timelike, and the others to be Euclidean
(spacelike); ηMN = (−1, 1, 1, 1, 1, 1) and aM (z) ≡ i∂XM (z) where
XM (z)XN (ζ) = −ηMN ln(z − ζ)+ : XM (z)XN (ζ) :
ψM (z)ψN (ζ) = ηMN (z − ζ)−1 + . . .
ψM (z)aN (ζ) = O(z − ζ)0 . (3.2)
Then
L(z) =
1
2
: aMaM : +
1
2
∂ψM ψM − 1
2
J0J0 − 1
2
Q2J iJ i − 1
2
∂ψAψA + δ 5
8z2
+ 1
2
Q∂J0
F (z) = aMψM + ψ
0J0 −QψiJ i − Q
6
ǫijkψ
iψjψk −Q∂ψ0 (3.3)
for δ = 0, 1 for NS or R sector respectively, where Q = −
√
2√
k+2
and c = 15.
4. Unitary representations of the N = 4 superconformal algebra
NEVEU-SCHWARZ STATES
We analyze the BRST properties[16] and gauge symmetry of the following four-
dimensional vertex operators, given here in covariant form where µ labels spacetime,
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0 ≤ µ ≤ 3, and the metric is ηµν = diag(−1, 1, 1, 1). The weight one primary confor-
mal fields for Neveu-Schwarz states with one oscillator are given in the superconformal
ghost number q = −1 picture by
V−1(k, z, ǫ) = ǫ·ψ(z)eikµX
µ(z)eβφ(z)Vjm(z)e
−ϕgh(z) (4.1a)
V i−1(k, z) = ψ
i(z)eikµX
µ(z)eβφ(z)Vjm(z)e
−ϕgh(z) (4.1b)
V 0−1(k, z) = ψ
0(z)eikµX
µ(z)eβφ(z)Vjm(z)e
−ϕgh(z) (4.1c)
V n−1(k, z) = ψ
n(z)eikµX
µ(z)eβφ(z)Vjm(z)e
−ϕgh(z) , (4.1d)
where the weight one condition implies kµk
µ − β(β +Q) +Q2j(j + 1) = 0 for each field.
Also 1 ≤ n ≤ 6 where the ψn form a c = 3 superconformal system corresponding to
two supercoordinates ψℓ + θaℓ, ℓ = 1, 2 compactified on T 2. The fields Vjm(z), which are
primary under the superconformal algebra as well as the level k SU(2) affine algebra, form
SU(2) multiplets with m = (−j,−j + 1, . . . , j). Here Vjm(z) corresponds to a unitary
highest weight representation of affine SU(2)k, so that j = 0,
1
2 , 1, . . . ,
k
2 .
L(z)Vjm(ζ) = (z − ζ)−2 j(j+1)k+2 Vjm(ζ) + (z − ζ)−1∂ζVj,m(ζ)
J i(z)Vjm(ζ) = (z − ζ)−1fimm′Vjm(ζ) , (4.2)
where fimm′ = t
i
mm′ is the SU(2) representation of Vjm(ζ). Without the ghosts, states
in the Neveu-Schwarz system form superconformal fields V (z, θ) = Vq(z) + θVq+1(z) with
upper and lower components related by
G(z)Vq(ζ) = (z − ζ)−1Vq+1(ζ)
G(z)Vq+1(ζ) = (z − ζ)−22hqVq(ζ) + (z − ζ)−1∂Vq(ζ) . (4.3)
The BRST current for the c = 15 superVirasoro currents L, F is the usual expression
Q(z) = Q0(z) +Q1(z) +Q2(z)
Q0(z) = cL− ××cb∂c×× + 32∂2c+ cLβγ + ∂( 34 ××γβ×× )
Q1(z) = −12e(χgh+ϕgh)F
Q2(z) = −14γbγ . (4.4)
BRST invariance holds for the vertices (4.1) with the following restrictions. For
F (z) = aµ(z)ψ
µ(z) + F¯ (z) + aℓ(z)ψ
ℓ(z) (4.5)
and
F¯ (z) = ψ0J0 −QψiJ i −Q1
6
ǫijkψ
iψjψk −Q∂ψ0 (4.6)
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where the background charge is Q = −√ 2
2+k
, we have
F (z)V−1(k, ζ, ǫ) = (z − ζ)−1[(k·ψ(ζ)ǫ·ψ(ζ) + ǫ·a(ζ) + βψ0(ζ)ǫ·ψ(ζ))Vjm(ζ)
−Qψi(ζ)ǫ·ψ(ζ)fimm′Vjm′(ζ)]eikµX
µ(ζ)eβφ(ζ) (4.7a)
F (z)V i−1(k, ζ) = (z − ζ)−2[Qfimm′Vjm′(ζ)]eikµX
µ(ζ)eβφ(ζ)
+ (z − ζ)−1[(k·ψ(ζ)ψi(ζ) + βψ0(ζ)ψi(ζ) +Q 12 ǫikk′ψk(ζ)ψk
′
(ζ))Vjm(ζ)
+Q(: J i(ζ)Vjm(ζ) : −ψk(ζ)ψi(ζ)fkmm′Vjm′(ζ))]eikµX
µ(ζ)eβφ(ζ)
(4.7b)
F (z)V 0−1(k, ζ) = (z − ζ)−2[(−β −Q)Vjm(ζ)]eikµX
µ(ζ)eβφ(ζ)
+ (z − ζ)−1[(k·ψ(ζ)ψ0(ζ)eβφ(ζ)+ : ∂φ(ζ)eβφ(ζ) :)Vjm(ζ)
−Qψk(ζ)ψ0(ζ)fkmm′Vjm′(ζ)eβφ(ζ)]eikµX
µ(ζ) (4.7c)
F (z)V n−1(k, ζ) = (z − ζ)−1[(k·ψ(ζ)ψn(ζ) + βψ0(ζ)ψn(ζ)− 12 ǫnn′n′′ψn
′
(ζ)ψn
′′
(ζ))Vjm(ζ)
−Qψk(ζ)ψn(ζ)fkmm′Vjm′(ζ)]eikµX
µ(ζ)eβφ(ζ) . (4.7d)
In (4.7), the four expressions V−1 are used without the ghost field. BRST invariance of the
vertex operators is 12πi
∮
ζ
dzQ(z)V−1(ζ) = 0 which thus requires Vjm(z) = V00(z) in (4.1b)
and β = −Q in (4.1c). With these restrictions, we have FsV−1(k, 0)|0〉 = 0 for s ≥ 12 ;
so that V−1(k, 0)|0〉 satisfy the physical state conditions. We note that [L−1, Vjm(ζ)] =
−Q2fimm′ : J i(ζ)Vjm(ζ) := ∂Vjm(ζ). Therefore ∂V00 = 0, so V00(ζ) is a constant, and in
what follows we can set it equal to one. We then define the upper components of (4.1),
which satisfy (4.3) as
V0(k, ζ, ǫ) = [(k·ψ(ζ)ǫ·ψ(ζ) + ǫ·a(ζ) + βψ0(ζ)ǫ·ψ(ζ))Vjm(ζ)
−Qψi(ζ)ǫ·ψ(ζ)fimm′Vjm′(ζ)]eikµX
µ(ζ)eβφ(ζ) (4.8a)
V i0 (k, ζ) = [k·ψ(ζ)ψi(ζ) + βψ0(ζ)ψi(ζ)
+Q(J i(ζ) + 1
2
ǫikk′ψ
k(ζ)ψk
′
(ζ))]eikµX
µ(ζ)eβφ(ζ) (4.8b)
V 00 (k, z) = [(k·ψ(ζ)ψ0(ζ)e−Qφ(ζ)+ : ∂φ(ζ)e−Qφ(ζ) :)Vjm(ζ)
−Qψk(ζ)ψ0(ζ)fkmm′Vjm′(ζ)e−Qφ(ζ)]eikµX
µ(ζ) (4.8c)
V n0 (k, z) = [(k·ψ(ζ)ψn(ζ) + βψ0(ζ)ψn(ζ)− 12 ǫnn′n′′ψn
′
(ζ)ψn
′′
(ζ))Vjm(ζ)
−Qψk(ζ)ψn(ζ)fkmm′Vjm′(ζ)]eikµX
µ(ζ)eβφ(ζ) . (4.8d)
From (4.1) we see that the states V−1(k, 0)|0〉 are tensor products of states in the three
conformal field theories: ( spacetime cft c = 6) ⊗ (fivebrane cft c = 6) ⊗ (T 2cft c = 3). In
order to specify the quantum numbers β and j in (4.1), we consider the conditions for
highest weight representations[12] of the global N = 4 superconformal algebra constructed
from the c = 6 fivebrane CFT as given in (2.5) and Appendix A. In the Neveu-Schwarz
sector, the highest weight states of the representations are annihilated by L¯n, F¯r, F¯
i
r , S¯in, S¯+0
for n ≥ 1, r ≥ 12 and are labelled by
L¯0|h, ℓ〉 = h|h, ℓ〉 , iS¯30 |h, ℓ〉 = ℓ|h, ℓ〉 , (4.9)
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where ℓ = 0 and h > 0 for massive representations; and h = ℓ with ℓ = 0, 12 for massless
representations[12]. For massless representations, the highest weight states |h, ℓ〉 are also
annihilated by G¯1− 1
2
and G2− 1
2
with Ga given in Appendix A:
G¯1− 1
2
|h, ℓ〉 = 0 ; G2− 1
2
|h, ℓ〉 = 0 . (4.10)
For states with no (N = 4) oscillators as in (4.1a,d), we have
L¯0 e
βφ(0)Vjm(0)|0〉 = [−12β(β +Q) + 12Q2j(j + 1)]eβφ(0)Vjm(0)|0〉 . (4.11)
For hQ ≡ −12β(β+Q) to be real, either β = −12Q+iy with real y so that hQ = 18Q2+ 12y2 is
positive; or β is real. If β is real, the highest weight conditions for massless representations
require it to take on discrete values, a feature similar to the discrete states in c = 1 matter
coupled to 2d quantum gravity, i.e. the Liouville field.[17,11] Also
iS¯30 eβφ(0)Vjm(0)|0〉 = i2
∑
s
(ψ0−sψ
i
s +
1
2
ǫijℓψ
j
−sψ
ℓ
s)e
βφ(0)Vjm(0)|0〉 = 0 , (4.12)
so that e(−
Q
2
+iy)φ(0)Vjm(0)|0〉 correspond to N = 4 highest weight massive states: h > 0,
ℓ = 0. The states eβφ(0)Vjm(0)|0〉 for β = Qj,−Q(j + 1) have h = ℓ = 0, and from (4.10)
correspond to N = 4 highest weight massless states for β = Qj = 0.
For states with one (N = 4) oscillator as in (4.1b,c), we have
L¯0 ψ
(i,0)i(0)eβφ(0)Vjm(0)|0〉 = [ 12 − 12β(β +Q) + 12Q2j(j + 1)]ψ(i,0)(0)eβφ(0)Vjm(0)|0〉 .
(4.13)
Also
iS¯30 (ψ1(0)± iψ2(0))eβφ(0)Vjm(0)|0〉 = ±12 (ψ1(0)± iψ2(0))eβφ(0)Vjm(0)|0〉
iS¯30 (ψ3(0)∓ iψ0(0))eβφ(0)Vjm(0)|0〉 = ±12 (ψ3(0)∓ iψ0(0))eβφ(0)Vjm(0)|0〉 , (4.14)
and we find that
(ψ1(0) + iψ2(0))e−Qφ(0)|0〉 ; (ψ3(0)− iψ0(0))e−Qφ(0)|0〉 (4.15)
satisfy the N = 4 highest weight massless state conditions with h = ℓ = 12 . The states
ψi(0) e(−
Q
2
+iy)φ(0)|0〉 and ψ0(0) e(−Q2 +iy)φ(0)|0〉 are notN = 4 highest weight massive states
since both Fs, F
i
s acting on either of them is not zero, for all s ≥ 12 . BRST invariant vertex
operators comprised of worldsheet N = 4 massive representations are
V−1(k, z, ǫ) = ǫ·ψ(z)eikµX
µ(z)e(−
Q
2
+iy)φ(z)Vjm(z)e
−ϕgh(z) (4.16a)
V n−1(k, z) = ψ
n(z)eikµX
µ(z)e(−
Q
2
+iy)φ(z)Vjm(z)e
−ϕgh(z) , (4.16b)
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with kµk
µ + Q
2
4 + y
2 +Q2j(j + 1) = 0.
BRST invariant vertex operators comprised of worldsheet N = 4 massless representa-
tions are
V−1(k, z, ǫ) = ǫ·ψ(z)eikµX
µ(z)e−ϕgh(z) (4.17a)
V i−1(k, z) = ψ
i(z)eikµX
µ(z)e−Qφ(z)e−ϕgh(z) (4.17b)
V 0−1(k, z) = ψ
0(z)eikµX
µ(z)e−Qφ(z)e−ϕgh(z) (4.17c)
V n−1(k, z) = ψ
n(z)eikµX
µ(z)e−ϕgh(z) (4.17d)
with kµk
µ = 0. It follows that states corresponding to the vertex operators in (4.16,17):
|ψ〉 = V−1(k, 0)|0〉 are representations of the direct product worldsheet algebras and satisfy
the physical state conditions:
Fs|ψ〉 = 0, for s ≥ 12 ; Ln|ψ〉 = 0, forn ≥ 1; L0|ψ〉 = 12 |ψ〉 . (4.18)
From (4.17b,c) and (4.14) we see that V i−1(k, 0)|0〉 and V 0−1(k, 0)|0〉 are doublets under the
SU(2) algebra S¯i0 whose affine algebra S¯i(z) are the level one SU(2) generators of the
N = 4, c = 6 global superconformal algebra (2.5).
From (2.8b) however, we note that the states
V˜ i−1(k, 0)|0〉 = ψi(0)eikµX
µ(0)e−ϕgh(0)|0〉 , V 0−1(k, 0)|0〉 (4.19a)
are highest weight states of the N = 1 subalgebra, and are in the adjoint and singlet
representations of the SU(2) algebra T i0, whose current T
i(z) is the upper component of
ψi(z). Therefore V˜ i−1(k, 0)|0〉 correspond to gauge bosons of SU(2), i.e. their three-point
correlation functions would have the standard non-abelian three-point coupling.
iQ[J i(z) + 12 ǫikpψ
k(z)ψp(z)]V˜ j−1(k, ζ) = (z − ζ)−1QiǫijkV˜ k−1(k, ζ) . (4.19b)
RAMOND STATES
The Ramond ground states of the N = 4 superconformal algebra are expressed in
terms of spin fields SA, SA˙. Instead of (4.3), the N = 4 Ramond fields satisfy
F¯ (z)SA(ζ)e
βφ(ζ)Vjm(ζ) = (z − ζ)− 32 [(β +Q) 1√2γ
0B˙
A SB˙(ζ)Vjm(ζ)
−Qfimm′ 1√2γ
i B˙
A SB˙(ζ)Vjm′(ζ)] e
βφ(ζ) (4.20a)
+O(z − ζ)− 12
F¯ (z)SA˙(ζ)e
βφ(ζ)Vjm(ζ) = (z − ζ)− 32 [β 1√2γ
0B
A˙
SB(ζ)Vjm(ζ)
−Qfimm′ 1√2γ
i B
A˙
SB(ζ)Vjm′(ζ)] e
βφ(ζ)
+O(z − ζ)− 12 . (4.20b)
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Here we choose a Weyl representation for the four-dimensional γ matrix algebra with
{γm, γn} = −2δmn given by
γ0 =
(
0 (−σ0)A
B˙
(σ0)A˙B 0
)
; γj = i
(
0 (σj)A
B˙
(σj)A˙B 0
)
(4.21a)
where σ0 ≡
(
1 0
0 1
)
and σi are the Pauli matrices. The charge conjugation matrices
C =
(
(iσ2)AB 0
0 (iσ2)A˙B˙
)
; C−1 =
(
(−iσ2)AB 0
0 (−iσ2)A˙B˙
)
(4.21b)
raise and lower indices: C−1AD(γ
m)D
B˙
= (γm)AB˙ and C
B˙D˙(γm)A
D˙
= (γm)AB˙ , etc. In
deriving (4.20), we use the operator product expansion
ψ(0,i)(z)SA(ζ) = (z − ζ)− 12 1√2γ
(0,i)B˙
A SB˙(ζ) + . . .
ψ(0,i)(z)SA˙(ζ) = (z − ζ)−
1
2 1√
2
γ
(0,i)B
A˙
SB(ζ) + . . .
ψi(z)ψj(z)SA(ζ) = (z − ζ)−1 12 (γiγj) BA SB(ζ) + . . . , etc. (4.22)
and use that in this representation 16 ǫijk(γ
iγjγk) B˙A = −γ 0B˙A ; and 16 ǫijk(γiγjγk) BA˙ = γ 0BA˙ .
In the Ramond sector, the highest weight states of the N = 4 representations are
annihilated by L¯n, F¯n, F¯
i
n, S¯in, S¯+0 ,G20 , G¯10 for n ≥ 1, and are labelled by
L¯0|h, ℓ〉 = h|h, ℓ〉 iS¯30 |h, ℓ〉 = ℓ|h, ℓ〉 , (4.23)
where ℓ = 1
2
and h > 1
4
for massive representations; and h = 1
4
with ℓ = 0, 1
2
for massless
representations[12]. For massless representations, the highest weight states |h, ℓ〉 are also
destroyed by G10 and G¯20 , so that
F¯0|h, ℓ〉 = 0 ; F¯ i0|h, ℓ〉 = 0 . (4.24)
From (4.22), we find the global level one SU(2) current acts on the spin field states as
iS¯30 S1(0)|0〉 = −12 S1(0)|0〉 , iS¯30 S2(0)|0〉 = 12 S2(0)|0〉 ; iS¯30 SA˙(0)|0〉 = 0 (4.25)
and from (2.5) and (4.20,22), we have that in the Ramond sector, the highest weight N = 4
massive state with h > 14 , ℓ =
1
2 is S2(0)e
(−Q
2
+iy)φ(0))V00(0)|0〉.
The highest weight N = 4 massless Ramond states with h = 14 are, for ℓ =
1
2 ,
SA(0)e
−Qφ(0))|0〉; and SA˙(0)|0〉 for ℓ = 0.
It is convenient to bosonize the free fermions in terms of two bosons, H±(z) as
S¯3 = 1√
2
∂H+, S¯± = e±i
√
2H+ ; S˜3 = 1√
2
∂H−, S˜± = e±i
√
2H− (4.26)
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where
S¯i = 12 (ψ0ψi + 12 ǫijℓψjψℓ) ; S˜i = 12 (−ψ0ψi + 12ǫijℓψjψℓ) (4.27)
are two commuting level one SU(2) currents. Since
iS¯3(z)e± i√2H+(ζ) = ±1
2
(z − ζ)−1e± i√2H+(ζ) ; iS¯3(z)e± i√2H−(ζ) = 0 , (4.28)
we identify
SA(z) = e
∓ i√
2
H+(z)
SA˙(z) = e
∓ i√
2
H−(z)
. (4.29)
In general, modular invariance requires certain projections of the spin fields which restrict
the physical spectrum. In the direct product of the three conformal field theories: (
spacetime cft c = 6) ⊗ (fivebrane cft c = 6)⊗(T 2cft c = 3), we consider the BRST invariant
weight one primary conformal fields for Ramond ground states in the superconformal ghost
number q = −1
2
picture comprised of N = 4 massless highest weight representations given
by
V
(1)
− 1
2
(k, z) = u1α(k)Sα(z)e
ikµX
µ(z)SA(z)e
−Qφ(z)Sn(z)e−
1
2
ϕgh(z) (4.30a)
V
(2)
− 1
2
(k, z) = u2α˙(k)Sα˙(z)e
ikµX
µ(z)SA(z)e
−Qφ(z)Sn˙(z)e−
1
2
ϕgh(z) (4.30b)
where kµk
µ = 0; Sα, Sα˙ are the spin fields of 4-dimensional spacetime, and Sn, Sn˙,
n = 1, n˙ = 1˙ are the weight 1
8
spin fields associated with the fermionic component ψℓ
of the supercoordinates on T (2). In (4.30), the two linearly independent solutions to the
massless Dirac equation k·γu(k) = 0 are given by solutions of the Weyl equations
kµσ
µα˙
βu
1β = 0 kµσ¯
µα
β˙
u2β˙ = 0 (4.31)
and σ¯0 = −σ0, σ¯i = σi.
From (4.25,4.30), we see that the Ramond states V
(1,2)
− 1
2
(k, 0)|0〉 each correspond to a
doublet under the level one SU(2) algebra S¯i0. Since
iT i(z)SA(ζ) = (z − ζ)−1Q i
4
ǫijk(γ
jγk) BA SB(ζ)
iT i(z)SA˙(ζ) = (z − ζ)−1Q
i
4
ǫijk(γ
jγk) B˙
A˙
SB˙(ζ) (4.32)
we have
iT 30 S1(0)| − Q〉 = −Q 12S1(0)| − Q〉, iT 30 S2(0)| − Q〉 = Q 12S2(0)| − Q〉 ;
iT 30 S1˙(0)|0〉 = −Q 12S1˙(0)|0〉, iT 30 S2˙(0)|0〉 = Q 12S2˙(0)|0〉 , (4.33)
so that V
(1,2)
− 1
2
(k, 0)|0〉 each also correspond to a doublet under the SU(2) algebra T i0.
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Therefore these fermion states, which are highest weight states of massless represen-
tations of the N = 4 algebra and consequently of the N = 1 subalgebra, carry charge
under an SU(2) gauge algebra. In the next section, we discuss the implications of this for
representations of the N = 1 super Kac-Moody algebra.
5. Fivebrane representation of N = 1 SVA and SKMA
The construction of the fivebrane c = 6, N = 1 superVirasoro algebra (SVA) (which
is a subalgebra of the N = 4 system) given by
L(z) = −1
2
J0J0 − 1
k + 2
J iJ i − 1
2
∂ψAψA + δ
1
4z2
+
1
2
Q∂J0 (5.1)
F (z) = ψ0J0 −QψiJ i −Q 1
6
ǫijkψ
iψjψk −Q∂ψ0 (5.2)
for δ = 0, 1 for NS or R sector respectively, together with the weight one-half superfield
whose components are
ψi(z) , T i(z) = Q[J i + 1
2
ǫijkψ
jψk] (5.3)
form a representation of the super SU(2) Kac-Moody algebra (SKMA) mixing with the
N = 1 SVA:
F (z)ψi(ζ) = (z − ζ)−1T i(ζ) , F (z)T i(ζ) = (z − ζ)−2ψi(ζ) + (z − ζ)−1∂ψi(ζ) (5.4)
T i(z)T j(ζ) = − δij
(z − ζ)2 +
QǫijkT
k(ζ)
(z − ζ)
T i(z)ψj(ζ) =
Qǫijkψ
k(ζ)
(z − ζ) , ψ
i(z)ψj(ζ) = − δij
(z − ζ) (5.5)
where J i is the level k SU(2) KMA and Q = −
√
2
(k+2) . We note that superfield associated
with ψ0(z) has lower and upper components ψ0(z)e−Qφ(z) , T 0(z) = − 1
Q
∂ze
−Qφ(z) so
that unless Q = 0 the current T 0(z) is not the generator of a U(1) Heisenberg algebra.
For simplicity, we can consider k = 0, in which case Q = −1 and the currents J i
decouple from the system, so that (5.1-5.5) become with c = 6:
L(z) = −1
2
J0J0 − 1
2
∂ψAψA + δ
1
4z2
− 1
2
∂J0
F (z) = ψ0J0 + 16 ǫijkψ
iψjψk + ∂ψ0
ψi(z) , T i(z) = −1
2
ǫijkψ
jψk
F (z)ψi(ζ) = (z − ζ)−1T i(ζ) , F (z)T i(ζ) = (z − ζ)−2ψi(ζ) + (z − ζ)−1∂ψi(ζ)
T i(z)T j(ζ) = − δij
(z − ζ)2 −
ǫijkT
k(ζ)
(z − ζ)
T i(z)ψj(ζ) = −ǫijkψ
k(ζ)
(z − ζ) , ψ
i(z)ψj(ζ) = − δij
(z − ζ) . (5.6)
14
For the system (5.6), we find that the Ramond states SA(0)e
−Qφ(0)|0〉 and SA˙(0)|0〉 satisfy
F0 SA(0)| − Q〉 = 0 , F0SA˙(0)|0〉 = 0 (5.7)
but that they are carry non-trivial SU(2) charge:
− i{F0, ψ30}S1(0)| − Q〉 = −iT 30 S1(0)| − Q〉 = −12S1(0)| − Q〉 (5.8a)
− i{F0, ψ30}S2(0)| − Q〉 = −iT 30 S2(0)| − Q〉 = 12S2(0)| − Q〉 (5.8b)
− i{F0, ψ30}S1˙(0)|0〉 = −iT 30 S1˙(0)|0〉 = −12S1˙(0)|0〉 (5.8c)
− i{F0, ψ30}S2˙(0)|0〉 = −iT 30 S2˙(0)|0〉 = +12S2˙(0)|0〉 . (5.8d)
Since these Ramond states are massless representations of the N = 4 algebra, they are
also representations of the N = 1 subalgebra given in (5.6). In this way, in a closed string
theory, a non-abelian SU(2) gauge symmetry can occur on either side which supports
massless charged fermions. This evades the argument of the DKV theorem[18], which had
prevented massless (R,NS) fermions in a string model with a left-moving super Kac-Moody
algebra. Furthermore these fermions carry left-moving SU(2) charge. Given (5.16) and
(2.19), these states have positive norm.
The mechanism which allows for massless fermions charged under an SU(2) gauge
symmetry occurring in the Ramond sector is the choice of inner product (2.19) and it
works as follows: From (5.7),(5.8a) we have
iF0ψ
3
0 S1(0)| − Q〉 = iT 30 S1(0)| − Q〉 = 12S1(0)| − Q〉 (5.9)
since F0S1(0)| − Q〉 = 0 from (5.7). As in (5.16), taking the norm of the righthand side of
(5.9), we have
1
2 limz→∞ z
1
2 〈0|S1(z)S1(0)| − Q〉 = 12 . (5.10)
It follows that this action on the lefthand side of (5.9) is also non-zero:
lim
z→∞
z
1
2 〈0|S1(z)F0iψ30 S1(0)| − Q〉 = lim
z→∞
z
1
2 〈0|S1(z)F0(− 1√2 )S1˙(0)| − Q〉 = 12 (5.11)
so
lim
z→∞
z
1
2 〈0|S1(z)F0 = (− 1√2) limz→∞ z
1
2 〈0|S1˙(z) 6= 0 (5.12)
which is the same statement as
[ lim
z→∞
z
1
2 〈0|S1(z)F0 ]† = (− 1√2 )S1˙(0)| − Q〉 6= 0 . (5.13)
Therefore, although
F0S1(0)| − Q〉 = 0 , (5.14)
we have that F0 acting on the state adjoint to S1(0)| − Q〉 is not zero, as shown in
(5.12),(5.13). This is allowed, since although the hermiticity property of the inner product
requires
0 = (S1(0)| − Q〉, F0S1(0)| − Q〉 ) = ( [ lim
z→∞
z
1
2 〈0|S1(z)F0 ]†, S1(0)| − Q〉 ) (5.15a)
= lim
z→∞
z
1
2 〈0|S1(z)F0S1(0)| − Q〉 = − 1√2 limz→∞ z
1
2 〈0|S1˙(z)S1(0)| − Q〉 = − δ
1˙
1√
2
= 0 , (5.15b)
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the righthand side of (5.15a) vanishes because the states in the inner product are orthogonal,
not because [ limz→∞ z
1
2 〈0|S1(z)F0 ]† is zero.
The norm of the spin field states |ψ〉 ≡ SA(0)|0〉 without the Liouville contribution is
given by[19]
〈ψ|ψ〉 = lim
z→∞
ζ→0
z2h〈0|V (ψ¯, z)V (ψ, ζ)|0〉 = lim
z→∞
ζ→0
z
1
2 〈0|SA(z)SA(ζ)|0〉
= lim
z→∞
ζ→0
z
1
2 (z − ζ)− 12CABC−1BA = δAA = 1 , (5.16)
where the vertex for the state ψ¯ conjugate to ψ is given by V (ψ¯, z) ≡ z−2hV (ψ, 1
z∗ )
†. Since
S
†
An = S
A
−n, the state conjugate to SA(0)|0〉 is SA(0)|0〉. We have[19]
ψ = lim
z→0
V (ψ, z)|0〉 , ψ¯ = lim
z→0
V (ψ¯, z)|0〉
〈ψ¯| = lim
z→∞
z2h〈0|V (ψ, z) , 〈ψ| = lim
z→∞
z2h〈0|V (ψ¯, z) . (5.17)
For the discrete Liouville states |q〉 = eqφ(0)|0〉, the non-vanishing inner product is
〈−q−Q|q〉 = 1. As in sect. 2, we define the adjoint of |q〉 = eqφ(0)|0〉 to be 〈−q−Q|, so that
the state |q〉 has non-zero norm: |||q〉||2 = 〈−q −Q|q〉 = 1. Clearly all propagating states,
i.e. those which have continuous momenta such as (4.30) with kµk
µ = 0 but kµ 6= 0, must
have positive norm. This completes our discussion of the existence of charged massless
Ramond states. ( In (5.6)-(5.15) we choose Q = −1. The discussion is straightforwardly
generalized for any real Q = −
√
2
k+2
. The limit Q→ 0 collapses to zero charge fermions.)
The set of consistent GSO projections for states such as (4.30) in a string theory with
space-time perturbative unitarity is being investigated. This may include projecting away
massive states such as (4.16) which depend on a continous parameter y.[20] We note here
that another set of BRST invariant Ramond operators is given by
V ′(1)− 1
2
(k, z) = [u1α(k)Sα(z)SA(z)e
−Qφ(z) −Qv1α˙(k)Sα˙(z)γ 0A˙A SA˙(z)]
· Sn(z) eikµX
µ(z)e−
1
2
ϕgh(z) (5.18)
with a similar expression for V ′(2)− 1
2
(k, z). These vertex operators, associated with differ-
ent projections from (4.30), give rise to non-abelian tree amplitudes of Ramond-Ramond
states.[21] Here we defined two additional spinors vℓ(k) by k·γvℓ ∼ uℓ, i.e.
1√
2
kµσ¯
µα
β˙
v1β˙ = u1α 1√
2
kµσ
µα˙
βv
2β = −u2α˙ . (5.19)
6. Conclusions
The specific fivebrane CFT permits us to compute the spectrum of string excitations
around the corresponding background solution. In this sense, the choice of CFT provides
non-perturbative information.
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In formulations of string theory, the question arises as to whether 1) all the necessary
information can be seen as the spectrum of some CFT, or instead 2) does a framework
broader than CFT need to be employed to realize the natural string ground state. In
this paper, we investigate only the first point of view, but we point to effects which occur
in CFTs, albeit unconventional ones with background charge, which lead to novel gauge
properties of the spectrum. This is in the spirit that in order to solve any non-linear
system, ultimately a perturbation theory about some new point will do the job. In this
paper, that new point is the Type II superstring with an internal background charge CFT.
The fact that in physics the massless spectrum, i.e. the low mass spectrum carries
representations of the gauge group, and that the gauge generators are the zero modes of
weight one conformal fields, suggests that at least the massless states should be described
by some CFT.
In this paper, we were led to consider a conformal field theory with background charge
in order to have charged Ramond states. The fivebrane conformal field theory provides a
specific example of such a conformal field theory, and its use was motivated by the fact that
the fivebrane, an NS-NS brane, carries charge under the NS gauge bosons. Furthermore,
a connection between gauged supergravity theories[22−26] which necessarily have tree level
cosmological constants, and string theories[21,11] serves to increase interest in pursuing
non-critical string theories[10,11]. The latter provide a link between string theory and field
theories with tree level cosmological constants.
The presence of gauge symmetry in string theory is closely tied to affine Kac-Moody
algebras[27−29]. We showed in sect.5 how a choice of inner product for the discrete Liouville
states in this CFT leads to a generalization of representations of the N = 1 super SU(2)
Kac-Moody algebra. In principle, this now allows an SU(2) non-abelian factor in the
gauge group on one side, with the original non-abelian factors (like SU(3)⊗U(1)) coming
from the other side, and provides symmetry enhancement within the economical Type II
superstring.
The author acknowledges valuable discussions with A. Belopolsky, R. Blumenhagen,
M. Flohr, P. di Francesco, and P. Goddard, and is grateful for the hospitality of St.John’s
College, Cambridge where part of this work was done.
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Appendix
N = 4, c = 6 SUPERCONFORMAL ALGEBRA
The currents of (2.5) close on the N = 4 superconformal algebra with c = 6 which is
given by
L(z)L(ζ) =
c
2
(z − ζ)4 +
2L(ζ)
(z − ζ)2 +
∂L(ζ)
(z − ζ)
L(z)F (ζ) =
3
2
F (ζ)
(z − ζ)2 +
∂F (ζ)
(z − ζ)
L(z)F i(ζ) =
3
2F
i(ζ)
(z − ζ)2 +
∂F i(ζ)
(z − ζ)
L(z)Si(ζ) =
Si(ζ)
(z − ζ)2 +
∂Si(ζ)
(z − ζ)
F (z)F (ζ) =
2c
3
(z − ζ)3 +
2L(ζ)
(z − ζ)
F (z)F i(ζ) = − 4S
i(ζ)
(z − ζ)2 −
2∂Si(ζ)
(z − ζ)
F i(z)F j(ζ) =
δij 2c
3
(z − ζ)3 −
4ǫijℓS
ℓ(ζ)
(z − ζ)2 −
2ǫijℓ∂S
ℓ(ζ)
(z − ζ) +
2δijL(ζ)
(z − ζ)
Si(z)Sj(ζ) = − nδ
ij
2(z − ζ)2 +
ǫijℓS
ℓ(ζ)
(z − ζ)
Si(z)F (ζ) =
F i(ζ)
2(z − ζ)
Si(z)F j(ζ) =
1
(z − ζ) [−δ
ijF (ζ) + ǫijℓF
ℓ(ζ)] . (A.1)
The central charge c and the level n of the SU(2)n currents S
i are related by c = 6n. The
condition c = 6 sets Si at level one.
We define complex supercurrents as
G1 ≡ F − iF
3
√
2
, G2 ≡ F
2 − iF 1√
2
G¯1 ≡ F + iF
3
√
2
, G¯2 ≡ F
2 + iF 1√
2
and note that G1,G2 transform as a doublet under Si etc.
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